Abstract. We study non-compact manifolds whose sectional curvature tends to −∞. By a theorem of Donelly/Li this implies pure discrete spectrum of the Laplacian. We prove upper bounds for the eigenvalues λ k of the Laplacian in terms of k 2 , k ≥ 0. This stands in clear contrast to Laplacians on graphs where such a bound fails to be true in general.
Introduction
In 1979 Donnelly and Li [DL79] proved a criterion for discrete spectrum of the Laplacian on Riemannian manifolds in terms of decreasing sectional curvature. This complemented a result by Weyl for Schrödinger operators with increasing potential.
In particular, let M be a complete Riemannian manifold and ∆ be the Laplacian. We denote by K r the supremum of the sectional curvatures at points outside of B r (x 0 ), the ball of radius r about some arbitrary base point x 0 . Then the theorem of Donelly/Li reads as follows. Theorem 1.1 (Donnelly/Li). Let M be a complete simply connected negatively curved Riemannian manifold. If K r → −∞ as r → ∞, then ∆ has purely discrete spectrum.
In this note we give an upper bound on the eigenvalues λ k , k ≥ 0, (listed with increasing order and counting multiplicities) in terms of k 2 under the assumption of the theorem above. While this bound is a classical result in the case of compact manifolds, it stands in clear contrast to case of Laplacians on graphs. Indeed, for graphs any asymptotics of eigenvalues can occur, see e.g. [BGK15] .
Precisely, we prove the following theorem.
Theorem 1.2. Let M be a complete simply connected Riemannian manifold such that
with a finite constant C(M) which can be chosen such that
where µ = inf r,s>0,x∈M
The proof is essentially an application of the techniques developed in [Liu14] .
We introduce the following notation. For a Riemannian manifold M let vol be its volume measure and d the Riemannian distance. For a Borel set A ⊆ M the boundary measure vol + (A) is defined as
where
If A has positive volume and finite boundary measure, we let
and φ(A) = ∞ otherwise. We define the Cheeger constant
For a function f ≥ 0 on M that is supported on a set of positive measure, we let
The following proposition is taken from [Liu14, Theorem 3.1] where it is stated for compact manifolds. However, the proof carries over verbatim. Proposition 1.3. Let M be a Riemannian manifold and f ∈ L 2 (M) a non-trivial positive bounded Lipshitz function. Then,
We remark that the proof of [Liu14, Theorem 3.1] is an extension of the methods of [KLL + 13, Lemma 4, Proposition 2] developed for finite graphs to prove the so-called improved Cheeger inequalities.
We deduce the following corollary of this proposition.
Proposition 1.4. Let M be a Riemannian manifold such that the Laplacian has purely discrete spectrum with eigenvalues λ 0 < λ 1 ≤ . . .. Then, for all k ≥ 0
Proof. Let f be the normalized eigenfunction to λ 0 which is a strictly positive Lipshitz function. Then, by the definition of the Cheeger constant and the proposition above we have for any n ≥ 0
which finishes the proof. 
This implies that
and, therefore, on the one hand,
and, on the other hand, using the Gauss Divergence Theorem,
where ν is the outward unit normal vector of ∂A. Combining both inequalities leads to the proof of the above estimate of the Cheeger constant h. (x) ) .
Hence, combining this with Proposition 1.4 we conclude the statement of the theorem.
